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ABSTRACT 

The maximum clique problem (MCP) is finding the maximum complete subgraphs of graph G. In this 
research, we solve the MCP which is transformed into constrained continuous optimization problem by using a 
modified differential evolution algorithm. We test its performance with 15 constructed graphs and 12 benchmark 
graphs. The experimental results show that the proposed algorithm can find the maximum cliques for all tested 
graphs, which indicates that it is effective for MCP. 

 
บทคดัย่อ 

ปัญหากราฟบริบูรณ์ยอ่ยใหญ่สุดคือการหากราฟบริบูรณ์ท่ีใหญ่ท่ีสุดของกราฟ G งานวิจยัน้ีจะแกปั้ญหากราฟ
บริบูรณ์ยอ่ยใหญ่สุดท่ีถูกเปล่ียนเป็นปัญหาการหาค่าเหมาะสมท่ีสุดแบบต่อเน่ืองท่ีมีเง่ือนไขบงัคบัโดยใชข้ั้นตอนวิธี
ววิฒันาการเชิงผลต่างแบบปรับปรุง และทดสอบประสิทธิภาพของขั้นตอนวธีิดว้ยกราฟท่ีสร้างข้ีนจ านวน 15 กราฟและ
กราฟมาตรฐานจ านวน 12 กราฟ ผลการทดลองแสดงวา่ขั้นตอนวิธีท่ีน าเสนอสามารถหากราฟบริบูรณ์ยอ่ยใหญ่สุดได้
ส าหรับทุกกราฟทดสอบและเป็นวธีิท่ีมีประสิทธิภาพส าหรับปัญหากราฟบริบูรณ์ยอ่ยใหญ่สุด 
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Introduction 
Let 𝐺 = (𝑉, 𝐸) be an undirected graph where 𝑉 = {1, 2, … , 𝑛} is the vertex set and 𝐸 ⊆ 𝑉 × 𝑉 is the 

edge set. A graph is complete if all its vertices are pairwise adjacent. The complete graph with m vertices is denoted 
by 𝐾𝑚  and a complete subgraph of G is called a clique. A maximum clique is a clique with the largest number of 
vertices. This number is called the clique number denoted by 𝜔(𝐺). The maximum clique problem (MCP) is to find a 
maximum clique of graph G (Harary, Ross, 1957). The MCP often occurs in many applications such as financial 
networks (Boginski et al., 2006), scheduling (Dorndorf et al., 2008; Weide et al., 2010), social network analysis 
(Balasundaram et al., 2011; Pattillo et al., 2012), telecommunication (Balasundaram, Butenko, 2006) and wireless 
networks (Butenko, 2003). Finding the maximum clique in an arbitrary graph is difficult because it is the NP-hard 
problem (Karp, 1972). The MCP can be solved by some exact algorithms (Carraghan, Pardalos, 1990) and heuristic 
methods (Bomze et al., 1999) but the best results can not be reached for all cases. The discrete MCP is transformed 
into the constrained continuous optimization problem using the following formulation (Motzkin, Straus, 1964): 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 𝑓(𝑥) =  ∑ 𝑥𝑖𝑥𝑗

{𝑖,𝑗}𝜖𝐸,𝑖<𝑗

  

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 ∑ 𝑥𝑖 = 1                                                                             (1)  

0 ≤ 𝑥𝑖 ≤ 1, 𝑖 = 1, 2, … , 𝑛. 

For solving a constrained continuous optimization problem, we need an effective global optimization algorithm. The 
differential evolution algorithm (DE) is one of well-known optimization methods (Storn, Price, 1997). The DE 
algorithm is a simple and efficient algorithm which consists of three operators: mutation, crossover and selection. In 
this study, we propose a modified DE for solving the constrained continuous MCP. 
 
Objectives of the study 

The purpose of the study is to solve the MCP which is transformed into constrained continuous 
optimization problem by using modified DE algorithm and test the performance of algorithm with 15 constructed 
graphs and 12 benchmark graphs. 
 
Methodology  
 To solve the MCP which is transformed into constrained continuous optimization,  

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 𝑓(𝑥) =  ∑ 𝑥𝑖𝑥𝑗

{𝑖,𝑗}𝜖𝐸,𝑖<𝑗

  

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 ∑ 𝑥𝑖 = 1                                                                                   

0 ≤ 𝑥𝑖 ≤ 1, 𝑖 = 1, 2, … , 𝑛. 

The basic differential evolution algorithm, the proposed algorithm and the tested graphs are described as 
follows. 

1. Differential evolution algorithm 
The basic DE algorithm is described as follows: 
Step 1. Initialization 
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The initial population of real vectors  𝑋 = [𝑥𝑖] where 𝑥𝑖 = [𝑥𝑖1, 𝑥𝑖2, … , 𝑥𝑖𝑁], 𝐿 ≤ 𝑥𝑖𝑗 ≤ 𝑈 is randomly 
generated, where i = 1, 2, …, NP and j = 1, 2, …, N; N is the dimension or number of parameters and NP is the 
number of population vectors. 

Step 2. Mutation 
For each target vector 𝑥𝑖

𝐺  of the generation G, the mutant vector 𝑣𝑖
𝐺  is computed by  

𝑣𝑖
𝐺 = 𝑥𝑟1 + 𝐹(𝑥𝑟2 − 𝑥𝑟3)                                                                                   (2) 

where 𝑟1, 𝑟2 and 𝑟3 are randomly chosen in the set {1, 2, …, NP} such that 𝑟1 ≠  𝑟2 ≠ 𝑟3 ≠ 𝑖  and 𝐹 ∈ [0,1] is a 
scaling factor.  

Step 3. Crossover 
The trial vector 𝑢𝑖

𝐺  is then formed to increase the diversity of the mutant vectors. It is computed by  

𝑢𝑖𝑗
𝐺 = {

𝑣𝑖𝑗
𝐺

𝑥𝑖𝑗
𝐺

      ;   𝑟𝑎𝑛𝑑 ≤ 𝐶𝑅 or 𝑗 = 𝐼𝑟𝑎𝑛𝑑

;   otherwise                    
                                                            (3) 

where 𝐶𝑅 ∈ [0,1]  is a crossover rate, 𝐼𝑟𝑎𝑛𝑑  is a random integer in the set {1, 2, …, N}, j = 1, 2, …, N and 𝑟𝑎𝑛𝑑 is a 
random number in range of (0,1). 

Step 4. Selection 
The target vector 𝑥𝑖

𝐺+1 of next generation is selected by comparing fitness values of the trial vector 𝑢𝑖
𝐺  and 

the target vector 𝑥𝑖
𝐺  as follows 

  𝑥𝑖
𝐺+1 = {

𝑢𝑖
𝐺

𝑥𝑖
𝐺

      ;  𝑓(𝑢𝑖
𝐺) > 𝑓(𝑥𝑖

𝐺)

      ;  𝑓(𝑢𝑖
𝐺) ≤ 𝑓(𝑥𝑖

𝐺).
                                                                 (4) 

Step 5. Repeat step 2-4 until the maximum number of generations (𝑁𝐺) is reached. 
 

2. Modified DE algorithm for solving maximum clique problem 
 Our modified DE algorithm for solving the MCP is described as follows: 

Step 1. Initialization 
Initial population of real vectors 𝑋 = [𝑥𝑖],  where 𝑥𝑖 = [𝑥𝑖1, 𝑥𝑖2, … , 𝑥𝑖𝑁], 0 ≤ 𝑥𝑖𝑗 ≤ 1 is randomly 

generated and is normalized to satisfy ∑ 𝑥𝑖𝑗
𝑛
𝑗=1 = 1.  

Step 2. Mutation 
Use the same mutation operator of the basic DE with the random 𝐹 values in the range of [0.5,0.7]. We 

need to adjust the negative components of  𝑣𝑖
𝐺  by  

𝑣𝑖𝑗
𝐺 = {

0
𝑣𝑖𝑗

𝐺
      ;   𝑣𝑖𝑗

𝐺 < 0 

            ;    otherwise.
                                                                       (5) 

Then normalize 𝑣𝑖
𝐺  by 𝑣𝑖𝑗

𝐺 =
𝑣𝑖𝑗

𝐺

∑ 𝑣𝑖𝑗
𝐺 . 

 
Step 3. Crossover 
Use the same crossover operator of the basic DE with the fixed value 𝐶𝑅 = 0.9. Normalize 𝑢𝑖

𝐺  by 𝑢𝑖𝑗
𝐺 =

𝑢𝑖𝑗
𝐺

∑ 𝑢𝑖𝑗
𝐺  . 
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Step 4. Selection 
Use the same selection operator of the basic DE. If 𝑓(𝑥𝑖

𝐺+1) cannot be improved until the limitation 
number (limit), then generate a new vector 𝑥𝑖

𝐺+1 as in the initialization. 
Step 5. Repeat step 2-4 until the maximum number of generations is reached. 
In this study, we set the parameters for constructed graph as 𝑁𝑃 = 100, 𝑁𝐺 = 1000, 𝑙𝑖𝑚𝑖𝑡 = 100. For 

benchmark graphs, if |𝑉| ≤ 30 we set  𝑁𝑃 = 100, 𝑁𝐺 = 1000, 𝑙𝑖𝑚𝑖𝑡 = 100; otherwise 𝑁𝑃 = 200, 𝑁𝐺 =

2000, 𝑙𝑖𝑚𝑖𝑡 = 100. Each tested graph is performed 20 runs.  
 

3. Tested graphs  
We test the performance of the proposed algorithm with the tested graphs consisting of two types of graphs 

as follows. 
3.1 Constructed graphs  

 For the first group of tested graphs, we divide the vertex set {1, 2, … , 𝑁} into 3 parts where each part forms 
a clique and any two consecutive parts form the complete bipartite subgraphs. Let 𝑛1, 𝑚, 𝑛2 be the numbers of 
vertices of the 3 parts respectively as shown in Figure 1. 

 
Figure 1 The 3 parts of the constructed graphs for the first group 

 
From Figure 1, the constructed graphs consist of cliques 𝐾𝑛1

, 𝐾𝑛1+𝑚, 𝐾𝑚 , 𝐾𝑚+𝑛2
, 𝐾𝑛2

 where the clique number is  
𝜔 = 𝑚𝑎𝑥{𝑛1, 𝑛1 + 𝑚, 𝑚, 𝑚 + 𝑛2, 𝑛2}. 

For example, the graph with 10 vertices such that 𝑛1 = 3, 𝑚 = 3, 𝑛2 = 4 is shown as Figure 2. 

  
Figure 2 A graph of the first group with 10 vertices where 𝑛1 = 3, 𝑚 = 3, 𝑛2 = 4. 

 
From Figure 2, the graph contains 5 cliques (𝐾3, 𝐾6, 𝐾3, 𝐾7, 𝐾4) and the clique number is 𝜔 = 𝑚𝑎𝑥{3,6,3,7,4} =

7. 
The constructed graphs used in this study are shown in Table 1. 
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Table 1 The constructed graphs of the first group  

No. 𝒏𝟏, 𝒎, 𝒏𝟐 |Cliques| |V| |E| 𝝎 

1 3, 3, 4 3, 6, 3, 7, 4 10 33 7 

2 2, 3, 5 2, 5, 3, 8, 5 10 35 8 

3 7, 7, 6 7, 14, 7, 13, 6 20 148 14 

4 5, 7, 8 5, 12, 7, 15, 8 20 150 15 

5 10, 9, 11 10, 19, 9, 20, 11 30 325 20 

6 8, 12, 10 8, 20, 12, 22, 10 30 355 22 

 
For the second group of tested graphs, we divide the vertex set {1, 2, … , 𝑁} into 5 parts where each part 

forms a clique and any two consecutive parts form the complete bipartite subgraphs. Let 𝑛1, 𝑚1, 𝑛2, 𝑚2, 𝑛3 be the 
numbers of vertices of the 5 parts respectively as shown in Figure 3. 

 
Figure 3 The 5 parts of the constructed graphs for the second group 

 
From Figure 3, the graph consists of cliques 𝐾𝑛1

, 𝐾𝑛1+𝑚1
, 𝐾𝑚1

, 𝐾𝑚1+𝑛2
, 𝐾𝑛2

, 𝐾𝑛2+𝑚2
, 𝐾𝑚2

, 𝐾𝑚2+𝑛3
, 𝐾𝑛3

 where the 
clique number is  𝜔 = 𝑚𝑎𝑥{𝑛1, 𝑛1 + 𝑚1, 𝑚1,  𝑚1 + 𝑛2, 𝑛2, 𝑛2 + 𝑚2, 𝑚2, 𝑚2 + 𝑛3, 𝑛3}. 
For example, the graph with 10 vertices such that 𝑛1 = 3, 𝑚1 = 2, 𝑛2 = 1, 𝑚2 = 2, 𝑛3 = 2  is shown as Figure 4. 

 
Figure 4 A graph of the second group with 10 vertices where 𝑛1 = 3, 𝑚1 = 2, 𝑛2 = 1, 𝑚2 = 2, 𝑛3 = 2. 

 
From Figure 4, the graph contains 9 cliques (𝐾3, 𝐾5, 𝐾2, 𝐾3, 𝐾1, 𝐾3, 𝐾2, 𝐾4, 𝐾2)  and the clique number is 
𝜔 = 𝑚𝑎𝑥{3, 5, 2, 3, 1, 3, 2, 4, 2} = 5. 
In this work, we use the constructed graphs as shown in Table 2. 
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Table 2 The constructed graphs of second group 

No. 𝒏𝟏, 𝒎, 𝒏𝟐 |Cliques| |V| |E| 𝝎 

1 3, 2, 1, 2, 2 3, 5, 2, 3, 1, 3, 2, 4, 2 10 20 5 
2 2, 1, 3, 3, 1 2, 3, 1, 4, 3, 6, 3, 4, 1 10 24 6 
3 1, 1, 1, 4, 3 1, 2, 1, 2, 1, 5, 4, 7, 3 10 27 7 
4 4, 4, 3, 5, 4 4, 8, 4, 7, 3, 8, 5, 9, 4 20 94 9 
5 4, 6, 2, 4, 4  4, 10, 6, 8, 2, 6, 4, 8, 4 20 94 10 
6 4, 2, 7, 4, 3 4, 6, 2, 9, 7, 11, 4, 7, 3 20 99 11 
7 6, 7, 5, 6, 6 6, 13, 7, 12, 5, 11, 6, 12, 6 30 219 13 
8 5, 7, 8, 5, 5  5, 12, 7, 15, 8, 13, 5, 10, 5 30 235 15 
9 5, 5, 6, 7, 7 5, 10, 5, 11, 6, 13, 7, 14, 7 30 223 14 

 
2.2 Benchmark graphs 
We select 12 benchmark graphs to test the performance of the proposed DE algorithms. These graphs are 

shown in Table 3. 
 

Table 3 The benchmark graphs 
No. Benchmark |V| |E| 𝝎 

1 myciel3 11 20 2 
2 chvátal 12 24 2 
3 myciel4 23 71 2 
4 queen5_5 25 160 5 

5 1-Fulllns_3 30 100 3 
6 queen6_6 36 290 6 
7 2-Insertions_3 37 72 2 
8 myciel5 47 236 2 

9 queen7_7 49 476 7 
10 3-Insertions_3 56 110 2 
11 queen8_8 64 728 8 
12 1-Insertions_4 67 232 2 
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Results and Discussion  
The performances of the proposed DE algorithm for both constructed and benchmark graphs are presented 

as follows. 
  1. Constructed graphs  

For the first group, the performance of the proposed DE algorithm is shown in Table 4. This table shows the 
minimum (Min) and maximum (Max) numbers of vertices in cliques, and the number of successful runs (NS) for each graph. 
The experimental results show that the proposed algorithm can find the maximum cliques of graphs with 10 vertices for all 
20 runs. For graphs with 20 vertices, NS = 20 for graph (5, 7, 8) whereas NS = 19 for graph (7, 7, 6). For graphs with 30 
vertices, NS = 20 for graph (8, 12, 10) whereas NS = 17 for graph (10, 9, 11). For the few unsuccessful runs, the algorithm 
gives the second best maximum cliques for all graphs. 
 
Table 4 The performances of DE algorithm of the first group 
No. 𝒏𝟏, 𝒎, 𝒏𝟐 |Cliques| |V| |E| 𝝎 Min Max NS 
1 3, 3, 4 3, 6, 3, 7, 4 10 33 7 7 7 20 
2 2, 3, 5 2, 5, 3, 8, 5 10 35 8 8 8 20 
3 7, 7, 6 7, 14, 7, 13, 6 20 148 14 13 14 19 
4 5, 7, 8 5, 12, 7, 15, 8 20 150 15 15 15 20 
5 10, 9, 11 10, 19, 9, 20, 11 30 325 20 19 20 17 
6 8, 12, 10 8, 20, 12, 22, 10 30 355 22 22 22 20 

For the second group, the performance of the proposed DE algorithm is shown in Table 5. The experimental 
results show that NS = 20 for all graph with 10 vertices. For graphs with 20 vertices, the algorithm can perform NS = 20 for 
all graphs except graph (4, 4, 3, 5, 4). For graphs with 30 vertices, the algorithm gives NS = 19, 12, 11 for graphs (5, 7, 8, 5, 
5), (6, 7, 5, 6, 6) and (5, 5, 6, 7, 7), respectively. For the few unsuccessful runs, the algorithm gives the second best maximum 
cliques for all graphs. 
 
Table 5 The performances of DE algorithm of the second group 
No. 𝒏𝟏, 𝒎𝟏, 𝒏𝟐, 𝒎𝟐, 𝒏𝟑 |Cliques| |V| |E| 𝝎 Min Max NS 

1 3, 2, 1, 2, 2 3, 5, 2, 3, 1, 3, 2, 4, 2 10 20 5 5 5 20 
2 2, 1, 3, 3, 1 2, 3, 1, 4, 3, 6, 3, 4, 1 10 24 6 6 6 20 
3 1, 1, 1, 4, 3 1, 2, 1, 2, 1, 5, 4, 7, 3 10 27 7 7 7 20 
4 4, 4, 3, 5, 4 4, 8, 4, 7, 3, 8, 5, 9, 4 20 94 9 8 9 15 
5 4, 6, 2, 4, 4  4, 10, 6, 8, 2, 6, 4, 8, 4 20 94 10 10 10 20 
6 4, 2, 7, 4, 3 4, 6, 2, 9, 7, 11, 4, 7, 3 20 99 11 11 11 20 
7 6, 7, 5, 6, 6 6, 13, 7, 12, 5, 11, 6, 12, 6 30 219 13 12 13 12 
8 5, 7, 8, 5, 5  5, 12, 7, 15, 8, 13, 5, 10, 5 30 235 15 13 15 19 
9 5, 5, 6, 7, 7 5, 10, 5, 11, 6, 13, 7, 14, 7 30 223 14 13 14 11 

296



   PMO26-8 

 
 

2. Benchmark graphs 
For the benchmark graphs, the performance of the proposed DE algorithm is shown in Table 6. The experimental 

results show that the algorithm can find the maximum cliques of graphs with |𝑉|  ≤ 30 for all 20 runs. For graphs with 
 |𝑉| > 30, the algorithm gives NS = 20 for 2-Insertions_3, myciel5, 3-Insertions_3, and 1-Insertions_4 whereas it gives NS 
= 18 for queen7_7 and queen8_8. The algorithm gives NS = 15 for queen6_6.  

 
Table 6 The performances of DE algorithm of the benchmark graphs 

No. Benchmark |V| |E| 𝝎 Min Max NS 

1 myciel3 11 20 2 2 2 20 
2 chvátal 12 24 2 2 2 20 
3 myciel4 23 71 2 2 2 20 
4 queen5_5 25 160 5 5 5 20 
5 1-Fulllns_3 30 100 3 3 3 20 
6 queen6_6 36 290 6 5 6 15 
7 2-Insertions_3 37 72 2 2 2 20 
8 myciel5 47 236 2 2 2 20 
9 queen7_7 49 476 7 5 7 18 
10 3-Insertions_3 56 110 2 2 2 20 
11 queen8_8 64 728 8 7 8 18 
12 1-Insertions_4 67 232 2 2 2 20 

 
Conclusions 

In this study, we solve the MCP which is transformed into constrained continuous optimization problem by using 
the modified DE algorithm. We test the performance of the algorithm with 15 constructed graphs and 12 benchmark graphs. 
The experimental results show that the proposed algorithm can find the maximum cliques for all 20 runs for 4 and 5 graphs 
of first and second constructed groups, and for 9 graphs of benchmark graphs. For the few unsuccessful runs, the algorithm 
gives the second best maximum cliques for all graphs. This shows that the proposed DE algorithm is effective for MCP.  
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